BERTINI THEOREM FOR NORMALITY ON LOCAL RINGS IN MIXED 
CHARACTERISTIC (APPLICATIONS TO CHARACTERISTIC IDEALS) 



TADASHI OCHIAI AND KAZUMA SHIMOMOTO 

ABSTRACT. In this article, we prove a strong version of local Bertini theorem for normality 
on local rings in mixed characteristic. The main result asserts that a generic hyperplane 
section of a normal, Cohen-Macaulay, and complete local domain of dimension at least 
3 is normal. Applications include the study of characteristic ideals attached to torsion 
modules over Noetherian normal domains, which is fundamental in the study of Euler 
system theory over normal domains and Iwasawa main conjectures. 



1. Introduction 

The classical Bertini theorem says that a generic hyperplane section of a smooth com- 
plex projective variety is smooth. A (local) Bertini theorem may be stated for a local ring 
(R, m, k) as follows. Let P be a ring-theoretic property (e.g. regular, reduced, normal, 
seminormal and so on). Then if R is P and x G m is a nonzero divisor, then is it true 
that R/xR is so for a generic choice of x? A local Bertini theorem (in a slightly weak 
form) was first raised by Grothendieck ([4], Expose XIII, Conjecture 2.6) and was proved 
by Flenner [1]. It was, however, found later that his proof had a small gap in the mixed 
characteristic case, and the proof was finally remedied by Trivedi [13]. In this article, for 
an ideal I C R, we denote by D(I) the set of all primes of R which do not contain I, and 
by V(I) the complement of D( I) in Spec R. Before stating our main theorems, let us recall 
the following result from [1]: 

Theorem 1.1 (Flenner-Trivedi). Let (R, m) be a local Noetherian ring and let I C m be an ideal. 
Assume that Q is a finite subset ofD( I). Then there exists an element x G I such that: 

(1) x & for all p G D(7); 

(2) x £ p for all p G Q; 

for p(' ! ) := p n R p (~l R, the n-th symbolic power ideal of p. 

We make a remark on the second symbolic power of ideals. Let (R, m) be a local ring, 
let x G p be a nonzero divisor and let x £ p^ for a prime ideal p C R. Then R p is regular 
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if and only if R v / xR p is regular. Many ring-theoretic properties such as regular, normal, 
reduced can be verfied at the localization R p , which is the reason why we require x ^ p( 2 ) 
(but not merely x <£ p 2 ), which is equivalent to the condition: x p 2 R p DR. A strong 
version of local Bertini theorem similar to our main theorem below was already proved 
for local rings containing a field in [1]. To extend his result to the mixed characteristic 
case, we need to introduce some new ideas. Theorem 1.1 does not suffice for our purpose, 
since it only assures us that there is an element x G m for which R/xR is normal. 

Here is our notation which will be used throughout: We denote by P" (S) (resp. A" (S)) 
the projective space (resp. an affine space) for a commutative ring S. In case when S is 
a field or a discrete valuation ring, we will consider these spaces as sets of points in the 
ring S endowed with some topology (see discussions in § 2). In these cases, every point 
a = (flo : • • • ■ a n ) G P n (S) is normalized so that a; is a unit for some i. This implies that, 
for a complete discrete valuation ring A with residue field k, we have a specialization map 
Sp A : P"(A) — > P n (k), which is well-defined. Let us now state our main theorem (see 
Theorem 4.4 together with Theorem 4.3 in § 4). 

Main Theorem 1 (Local Bertini Theorem). Let (R, m, k) be a complete local domain of mixed 
characteristic p > and suppose the following conditions: 

(1) let A ^ R be a coefficient ring map for a complete discrete valuation ring (A, n A ); 

(2) let xq, X\, . . . , Xi be a fixed set of minimal generators ofm; 

(3) R is normal, of depth R > 3, and the residue field k is infinite. 

Then there exists a Zariski dense open subset U C P rf (k) satisfying the following properties. 
For any a = (uq : • • • : a d ) G Sp A 1 (U), the quotient R/x a R is a normal domain of mixed 
characteristic p > 0, where we put 

d 

\ a '.= Q,{X{. 
i=0 

We will also discuss a version of the above theorem for the case when the residue field 
is finite at the end of § 4. This theorem allows us to find sufficiently many normal local 
domains of mixed characteristic as specializations. The above theorem does not tell us 
how to find U, but we will show how to find U in Example 4.9. It is worth pointing 
out that if dim R = 2, the local Bertini theorem fails due to a simple reason. In fact, if 
the quotient R/yR is normal, then it is a discrete valuation ring, so R must be regular. 
By Cohen structure theorem, there is a surjection A[[zo, . . . ,Zd\] -» R, where d + 1 is the 
number of minimal generators of m, so that the minimal generators of m are just the image 
of Zq, Z\, . . . , z<i under this surjection. Related to our main result, we remark the following 
converse which might be known to experts, but we find no standrd reference: 
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Remark 1.2. Let (R,m) be a local ring and y 6 m a nonzero divisor. If R/yR is normal, 
then so is R. This will be done by showing that R satisfies both Serre's (Pi) and (S2). 

Let P be a prime such that ht P = 1. If P = yR, then R P is regular. If P ^ yR, then we 
can find a height 2 prime Q containing both y and P, the (Pi) condition on R/yR assures 
that the image Q of Q in (R/yR)-Q is principal, which implies that Q is generated by at 
most 2 elements. Hence Rp is regular. 

Next, let P be a prime such that ht P > 2. If y G P, we have depth p R > 2, because y is 
a nonzero divisor and P £ Ass(yR). \iy £ P and Q is a minimal prime over P + yR, then 
we have depthg R/yR > 2, due to the (S2) condition on R/yR. Thus depthg P > 3. Since 
ht Q/P = 1, it follows that depthg R < depth p P + 1, say depth p R > 2. This completes 
the proof. 

In § 7, we prove some basic results on characteristic ideals over general normal do- 
mains. As an application, we prove an important result (see Theorem 8.7 in § 8) on 
characteristic ideals attached to torsion modules over normal domains via local Bertini 
theorem. This result will be crucial in a forthcoming paper [9], where we plan to study 
certain torsion modules arising from Iwasawa theory as developed in [8] (for example, 
those torsion modules arising as the Pontryagin dual of Selmer groups associated with 
two-dimensional Galois representations of certain type with values in a complete local 
ring with finite residue field). In the present article, we often make use of a lemma of 
"generic freeness" for which we refer to ([5], Theorem 24.1). 

2. Specialization map and the topology for Bertini-type theorems 

Let us discuss the specialization map on the projective spaces. Let A be a complete 
discrete valuation ring and let a := (do : ■ ■ ■ : a n ) G P"(A). Then we may normalize a 
so that a = (bo : • • • : b n ) G P"(A) and some b[ is a unit of A. So we may think of the 
projective space as 

F"(A) = {(fl : • • • : fl„) G F n (A) \ = 1 for some i} 

for the normalized valuation | • | : A — > K>o- Let k be the residue field of A. Then 
reducing a to a point a = (bo : ■ • • : b n ) G P"(k), we have constructed the map: 

Sp A :P"(A) ->P»(k) 7 

called the specialization map. This map does not depend on the choice of the representative 
of a G P" ( A) as above. The set P" (k) is endowed with the Zariski topology, while P" (A) 
is endowed with the topology induced by the valuation on A. Hence, we simply regard 
F n (A) as a set of points equipped with this topology. For more details, see the remark 
below. We refer the reader to [2] for the rigid geometry and the following fact. 
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Lemma 2.1. The specialization map Sp A : P"(A) — > P"(k) is continous and surjective. 

We begin to pin down the suitable topology for formulating Bertini-type theorems in 
mixed characteristic. Let (R,m, k) be a local Noetherian ring. Then we say that a reduced 
local ring (R, m, k) is of mixed characteristic p > 0, if every component of the total ring of 
fractions of R is of characteristic zero and the residue field k is of characteristic p. 

Now we assume that ( A, n A , k) is a complete discrete valuation ring such that n A A = 
pA and there is an injection A ^ R of rings, which induces an isomorphism on residue 
fields, say k = A/ n A A ~ R/m. Such A is called a coefficient ring of R. 

Example 2.2. Let 

R:=Z p [[x,y]]/(p-xy). 

Then R is a finite extension of Z p [[x + y]] by the Eisenstein equation t 2 — (x + y)t + p = 
and Zp is a coefficient ring of R. 

In what follows, a coefficient ring will be considered as a fixed one. We denote by 
Loc.alg /A the category of local A-algebras that are obtained as quotients of all local rings 
having A as their fixed coefficient ring. Note that objects of Loc.alg /A also include local 
k-algebras. 

Definition 2.3. With the notation as above, assume that P is a ring-theoretic property on 
Noetherian rings and fix (R,m, k) G Loc.alg /A . We say that the "local Bertini theorem" 
holds for P, if a set of minimal generators Xq, . . . , x n of m is given, then there exists a 
Zariski dense open subset !i C P" (k) such that R/x a R has P for all a = (do, ...,«„) G 
Sp^U) C P"(A), where we put 

n 

x fl = CljXj. 
i=0 

The "local Bertini theorem" can be formulated in a different way. For example, the 
maximal ideal m may be replaced with a smaller ideal. But we adopt the above definition. 

Remark 2.4. The naturality of the above formalism is explained as follows. We endow 
P"(k) with the Zariski topology. Let / G k[xo, . . . ,x n ] be a nonzero homogeneous poly- 
nomial, let / G A [xo, . . . ,x„] be any fixed homogeneous lifting of /, and let Uj C P" (k) 
be an open subset defined by / ^ 0. Then the inverse image of the open subset Uj under 
the map Sp A : P"(A) — > P n (k) can be described as follows. We have 

Sp A 1 (U 7 ) = {a = (oo : ■ • ■ : «„) G F n (A) \ \f(a)\ = 1} 

for the normalized valuation | • | : A — > P>o, which is an admissible open subset of 
P"(A). Our objective is to show that this topology is adequate in formulating the local 
Bertini theorem in the mixed characteristic case. 
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The following proposition is indispensable for the proof of Theorem 4.3 and Theorem 
4.4. However, the proposition fails for a finite field. 

Proposition 2.5 ([12]; Proposition 3.3). Let U C A" (L) be any non-empty Zariski open subset 
for an infinite field L. Then U is dense. Furthermore, ifK^L is any field extension such that K 
is infinite, the intersection U n A n (K) is also a Zariski dense open subset. The above assertions 
hold over the projective space as well. 

3. Discussion on basic elements 

Let (R, m) be a local Noetherian ring and let M be a finitely generated R-module. The 
depth of M, denoted by depth R M, is the the maximal length of M-regular sequences. For 
p G SpecR, }ip(M) stands for the number of minimal generators of the R p -module M p . 
The following notion is due to Swan. 

Definition 3.1 (Swan). Let M be a module over a ring A and let p be its prime ideal. An 
element m £ M is called basic at p, if ^p(M) — u p (M/ A ■ m) = 1. More generally a set 
of elements m\, . . . , m n of M is called k-fold basic at p, if u p (M) — ji p (M/ Y%=\ A - mi) >k; 
that is, N = A • m\ H + A • m n contains at least k minimal generators at p. 

Let := Ml Ya=\ A " m i f° r a set of elements m\, . . . , of M and r satisfying < 
r < k — 1 and pick a prime ideal p of A. Then 

u p (M^) - ji p (M^/A ■ m r+1 ) = 1 « m r+1 £ pM^ 

for < r < k — 1 by Nakayama's lemma. In other words, m\, . . . , m k form partial gener- 
ators of the fc(p)-vector space M <g)^ fc(p). 

We shall use (finite) Kahler differentials. For a complete local ring (R, m) with its co- 
efficient ring A, the usual module of Kahler differentials Cl R / A is not a finite K-module. 
Instead, one uses the completed module Or/a- This is the m-adic completion of Or/a 
and it is a finite ^-module. It can be also defined as follows. Let I denote the kernel of 
the map u : R®aR — > R defined by u(a (g> V) = ab. Then Or/a := I IT 2 . The connec- 
tion of Kahler differential modules with the symbolic power ideals is expressed by the 
following fact (see [1], Lemma 2.2 for its proof. As a remark, there is an isomorphism 
Der z (R p ,M p ) ~ Der z (R, M„)). 

Lemma 3.2. Let M be a module over a ring R, let p be a prime of R, and let d : R — » M be a 
derivation. If for x £ R, dx £ M is basic at p, then x p( 2 \ 

For a ring A and an open subset U C Spec A, we set 

dim u (R/I) := dim(V(I) n IT) 
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for an ideal I of A. The authors are grateful to Prof. V. Trivedi for explaining the proof of 
following lemma, which is taken from ([1], Lemma 1.2). We give its proof for the readers. 
As an important remark, if M is a finite projecitve R-module, an element m E Mis basic 
at all primes of R if and only if R ■ m C M is a direct summand. The property that m <= M 
is basic at p G Spec A is stable under taking quotient and localization of A. So, when 
applying Noetherian induction, one may assume that the ring is reduced. Then one can 
use the fact that a finite module over a reduced ring is generically free and a submodule 
of a module is generically a direct summand. We denote by Min R ( I) the set of all minimal 
prime divisors of an ideal ICR. 

Lemma 3.3 (Flenner). Suppose that R is a Noetherian ring, M is a finite R-module, U C 
Spec R is a Zariski open subset, and \m\, . . . ,m n } is a set of elements of M, which generates the 
submodule N C M. Suppose that we have f 6 Z (which can be negative) such that 

fip(M) - fi p (M/N) > dim u (R/p) - t 

for every p G U. Let U' be the inverse image of U under the map Spec R[X\, . . . , X„] — >■ Spec R. 
Then there exists an ideal (T-\, . . . , F r ) C R[X lf . . . , X n ] such that 

dim(U' nV(F 1 ,...,F r )) <n + t 

and the element 

n 

£ m <g)XjeM <g> R R[Xi, . . . ,X„] 
is basic on D{F\, . . . , F r ) n W . 

Proof. We may assume that all rings that appear below are reduced by taking their re- 
duced part and we are still in the stated hypothesis. If U = 0, then there is nothing to 
prove. So assume U ^ and further R = R re d. Then by the generic freeness, there exists 
/ G A such that the following conditions hold: 

(1) M[f- 1 ] is R[f- 1 } -free; 

(2) = 0; = i R[/ _1 ] • m,' for some r < n, after reordering {mi, . . . , m n } if neces- 
sary; 

(3) Nl/- 1 ] is an R^ -1 ] -direct summand of M[/ -1 ]; 

(4) r > ^p(M) - u p (M/N) for every p G Min R ((0)) n U. 

Let us consider the lemma over U U SpecR[/ -1 ]. Then we may find /3^ s G R[/ _1 ] for 
which m s = YIk=\ fik,s m k for all s > r. So we have 

£> fc ®X fc = £m k ®(X k + £ /3 fc/S X s ) GM[/- 1 ]® R[/ - 1] R[/- 1 ][X 1 ,...,X„] 

fc=l fc=l s=r+l 
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and let F^ := Xjt + L"=r+i fik,sX s ; 1 < k < r. From this presentation, it is easy to see that 
the element 

n 

J^m k (g)X k 

is basic on D(F l7 ...,F r ) C SpecR^ 1 ]^,. . . ,X n \. Let 

n : Spec R^ 1 ] [Xi, . . . , X n ] -> Spec R[Xi, . . . , X n ], 

be the natural mapping and let V(Fi, . . . ,F r ) cl be the Zariski closure of the image of 
V(Fi, . . . ,F r ) C SpecR[/ _1 ] [Xi, . . . ,X„] under n. Under the condition (4) above, we 
claim the following inequality: r > dim u R — t. Indeed, there exists p G Min R ((0)) fl U 
such that dimu(R) = dim(j(R/p) (R may not be equi-dimensional), and thus we have 

r > }ip{M) - }i p (M/N) > dimu(R/p) - t = dimu(R) - t. 

Then it follows from the equality ht(Fi, . . . , F r ) = r that 

dim(L7'ny(F 1 ,...,F r ) cl ) < dimu(R) + n - r < n + f, 

as desired. Note that even when r = 0, the above proof still works and (Fi, . . . , F r ) = in 
this case. We have thus proved the lemma over U D SpecRf/ -1 ]. 

Next, suppose we have proved the lemma over U n Spec(R/ 1) for any nonzero ideal 
ICR. In particular, the lemma holds on both U n Spec(R/(/)) and U (1 Spec(R[/" 1 ]) for 
/ G R as above, respectively. By combining these together, we obtain an ideal (Fi, . . . , F r ) 
together with the required dimension bound (for this, one uses the fact V(I ■ J) = V(I) U 
V (/) for ideals I, J) . Thus, it suffices to prove the lemma over U D Spec ( R / (/) ) . Suppose 
we have constructed an increasing chain of radical ideals: 

y/U)-=y/ifi)Qy/ifi f f2)Q---Qy/{fi J) Q ■ ■ ■ 

and f i+l G R; is chosen, so that the conditions (1) through (4) above hold on R, and the 
conclusion of the lemma on Rilf^] with R; := R/ y 7 Jj\, . . . ,fi). As previously, if 

UnSpecR, = 0, 

then we could stop the induction at R,_i. Since R is Noetherian, the above sequence 
stabilizes for some i. Then this implies that f i+1 = 0. If R, 7^ 0, then we could have found 
a nonzero due to the generic freeness. So, f i+1 = implies that we have chosen f i 
as a unit in Rj_i, making R ; - = 0. Therefore, all the conditions (1) through (4) are already 
satisfied on R,_i without localizing it, and we have already finished the proof of the case 
under such conditions. Therefore, an inductive argument yields a proof on U fl Spec R. 
This completes the proof of the lemma. □ 

As a corollary, we obtain the following. 



8 



T.OCHIAI AND K.SHIMOMOTO 



Corollary 3.4. Let Rbe a Noetherian ring and suppose M is a finite R-module. Fix x G M and 
define U x as the subset of Spec R such that x G M is basic at every point of U x . Then U x is a 
(possibly empty) constructible subset of Spec R. 

Proof. Recall that for a finite projective R-module N, x G N is basic at p G Spec R if and 
only if R p • x spans a direct summand of N p , which is an open property. We may assume 
that R is reduced, so that there exists / G R for which M[/ _1 ] is a free R[/ _1 ] -module. 
Hence there exists an open subset V C Spec R[/ _1 ] such that x G M is basic at p G Spec R 
<^=> p G V. By Noetherian induction applied to V(f), we find a maximal constructible 
subset Z C V(f) on which x G M is basic. So !i x := V U Z is the sought one. □ 

4. Main Theorems 

In this section, we establish main theorems. Let us collect some facts for later use. A 
local domain S is catenary, if and only if htp + dimS/p = dimS for all p G SpecS. Let 
(R, m) be an equi-dimensional catenary local ring and suppose x G m is a parameter. 
Then dim R[x _1 ] = dim R — 1. Indeed, any prime ideal P of R that is the largest possible 
one such that x £ P has ht P = dim R — 1. In particular, let P and P' be such prime ideals. 
Then ht P = ht P' and this fact plays a role later. We also need some lemmas: 

Lemma 4.1. Let (A, n A , k) be a discrete valuation ring and let f G A\\j\, ...,ya] be a nonzero 
(possibly constant) polynomial. Then there exists t G Z>o such that n A l f £ ■ ■ ■ ,yd\ and 
the reduction of n~ A f modulo n A is a nonzero (possibly constant) polynomial in k[yi, . . .,yj\. 

Proof. The proof goes by induction on d. If d = 1, we write / = a m y™ + a m -\y™~ x H — • + 
flo with flj G A. Let < h < m be such that the valuation is the smallest in the set 
{v(ai) | < i < m} and write a^ = (unit) • n A . Dividing / by n A , we get the desired 
polynomial. 

In general, write / = b n y n d + b n -\y n f x H h fro for b { G A[yi, . . .,yd-i]- Applying the 

induction hypothesis to every fr„ we may find f,- G Z>o such that TtZ'bi has the desired 
property. Let f s := min{f,- | < i < n}. Then the term 7i A ts b s y s modulo Ka is nonzero 
and it is clear that 7i A ts f is contained in A [yi, . . . , y^] . Hence it suffices to put t := t s . □ 

Lemma 4.2. Let (R,m) be a universally catenary local domain and consider the polynomial 
algebra R[X\. Let T be the localization ofR[X\ at the prime ideal mR[X]. Then the induced map 
Spec T -¥ Spec R is bijective. 

Proof. The map R — > T is local flat and dim R = dim T and thus, Spec T — > Spec R is sur- 
jective. To show injectivity, note that pT G Spec T for any p G Spec R by the construction 
of T from R. Now take P G Spec T such that P n R = p. Then we have pT C P and thus, 
ht(pT) < htP. Then we need to show that pT = P. For a contradiction, assume pT C P. 
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First, consider the case that ht(pT) = ht P. Then this is a contradiction to ht(pT) < ht P. 
Hence pT = P in this case. 

Next, consider the case that ht(pT) < htP and take a saturated chain of primes in T: 

F 1 : = P C • • • C pT C • • ■ C P C • • ■ C m T , 

where mx is the unique maximal ideal of T. Then by casting away the redundant primes 
(if they exist), 

p 2 ;0 = P nKC---Cp = PnKC---Cm 

is a saturated chain of primes in R, since qT is a prime ideal and q = qT n R for any 
q G Spec R. However, the assumption ht(pT) < ht P shows that the length of P2 is strictly 
shorter than that of Pi. Since both R and T are catenary local domains and dimR = 
dim T, this gives a contradiction and we must have ht(pT) = ht P. Hence pT = P in any 
case and Spec T — >■ Spec R is injective, as desired. □ 

The authors do not know if the above lemma holds in a more general setting for a local 
ring (R,m). 

Theorem 4.3. Let (R, m, k) be a complete local domain of mixed characteristic p > and suppose 
the following conditions: 

(1) let A — >• Rhea coefficient ring map for a complete discrete valuation ring (A, n A ); 

(2) let xq, Xi,...,Xd be a fixed set of minimal generators o/m; 

(3) the residue field ofR is infinite. 

Then there exists a Zariski dense open subset V C P d (k) such that we have 

d 
i=0 

for every prime pofR and a = (uq : ■ ■ ■ : a d ) E Sp A 1 (F). 

It is noted that Xq, X\, . . . , are not a system of parameters of R unless it is regular. 

Proof. It is clear that for a £ A d+1 (A), p G Spec R, and u G A x , 

d d 

1=0 !=0 

This implies that our statement for x a holds on F d (A). Note that the K-module Or/a is 
generated by dxo, . . . , dx d and Supp Or/a = Spec R. We first establish the theorem on the 
open subset: 

D(m) = D(x )U---UD(x d ). 
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Let us consider the proof over the ring R[x. 1 ]. It follows from ([1], Lemma 2.6, or [13], 
Lemma 2) that for p G D(x,), we have by the preceding remark on the dimension of 
Rfxr 1 ] that 

H P {n R/A ) > dim(R/p) - 1 = dim D(X() (R/p). 

Under the notation being as above and applying Lemma 3.3 for the R-module Cl R / A , 
there is an ideal {F\, . . . , F r ) C R[Xq, . . . , X d \ such that 

dim D{x .y R[X , . . . , X rf ] / (F 2 , . . . , F r ) < d + 1 • • • (*), 

where D(xj)' is the inverse image of D(x,) under the map Spec R[Xq, . . . , X d ] — > Spec R, 
and the element 

d _ 

£ dx k ®X k £ n R/A ® R Rfxr 1 ] [Xo, ...,X d ] 

is basic on D(F lf . . . ,F r ) C Spec Rfxr 1 ] [Xo, X rf ]. Let T denote the localization of 
R[Xo, . . . , X d ] at the prime ideal mR[Xo, . . . , X d ]. Then we have a flat local map of local 
rings: 

(R,m) -> (T,m T ) 

in which all rings are catenary local domains, and dim R = dim T. 

Now assume that (F\, . . . , F r )T[jr 1 ] is a proper ideal and let P C Tfxr 1 ] be any mini- 
mal prime divisor of (F lf . . . , F r )T[xr 1 ]. Then combining the dimension equality for the 
catenary local domain T, together with the inequality (*) above, it follows that 

htP = dim T[xt x \ = dimT- 1. 

Thus, Z, := V(F\, . . . ,F r ) D Spec Ffxr 1 ] consists of finitely many maximal ideals, and 

d 

£ dx k <g> X k 

k=Q 

is basic on Spec T[x^ 1 ]\Z/. Since the induced map <p : SpecTfx^ 1 ] — y SpecRfx^ 1 ] is 
bijective by Lemma 4.2, we have <p~ l {<p(Zi)) = Z,- and <p(Zi) is a finite closed subset, 
which implies the following: One can find hi,...,h m € R such that Z,- = V(h\, . . . , h m ) C 
Spec rfx^ 1 ]. 

Since an open set is covered by basic open subsets, Noetherian induction reduces to 
proving the theorem on D(g ■ x ; ) C SpecT for some g G R such that Cl R / A (2>r T[(g ■ 
x,) -1 ] is a T[(g • x,) _1 ]-free module, Yj. =0 ^ x k ® X k spans the direct summand of Cl R / A (g> R 
T[(g ■ X,) -1 ]. Moreover, D(g ■ hi ■ ■ ■ h m ) n Z, = in Spec Ffxr 1 ] by the lemma of generic 
freeness. But since T is the localization of R[Xo, . . . , X d ], there exists a polynomial G,- G 
R [X , . . . , X d ] \mR [X , . . . , X d ] such that 

d 

dx k <g> X k 

k=Q 
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is basic on D(g ■ hi ■ ■ ■ h m ■ G,-) C SpecR[x ; x ] [Xo, . . . ,X<f]. Hence by ([1], Lemma 1.1), the 
element 

d 

J^a k dx k E Mfxr 1 ] 

k=Q 

is basic on D(g ■ h\ • ■ ■ h m ■ G,-(a)) for a = (do, . . . ,a d ) E A d+1 (A). Assume that G,-(a) i m 
(this is actually satisfied for some a, since the residue field of R (or A) is infinite). Then 

d 

J2 a kdx k E M[xr l \ 

is basic on D(g ■ hi • ■ ■ h m ) C SpecRfxr 1 ]. Now we get the following implication. Take 
Gi(a) £ m. Then for p G Spec R[x^ 1 ]\(p(Zi), it follows from Lemma 3.2 that 

d 

J2 a k*k t p (2) - 

By carrying out the same process for all D(xq), . . . ,D(x d ), we find polynomials Go, . . . , G 
R[Xq, . . . , Xd] \mR[Xo, . . . , Xd] with the aforementioned properties. Let 

d 

G = YlGiE tf[X ,...,X d ]\mR[Xo,...,X d ]. 

i'=0 

Then if G(a) £ m, there exists a finite set of primes {pi, . . . , p r } in R such that htp, = 
dim R — 1 for all i, and for every p G Spec R\{pi, . . . , p r , nx}, we have 

d 

i=0 

So it remains to deal with the issue on a finite set {pi, . . . , p r , m}. First, to satisfy x a £ 
m 2 , it suffices to have that a x E A x for some i by Nakayama's lemma, since xq,. . . ,x d are 
the minimal generators of m. So modifying G, we may assume henceforth that x a £ p 2 is 
satisfied for all p G Spec R\{pi, . . . , p r }, whenever G(a) m. 

FutV := D(G(x)) C A d+1 (k)\{0} (clearly, the origin of A d+1 (k) is excluded). Then 
define an open subset Vq C P d (k) as the image of Vq under the geometric quotient: 
A d+1 (k)\{0} ->■ F d (k). To deal with the issue on {pi, . . . ,p r }, take the homogeneous 
polynomial: 

d 

F(X , . . . , X d ) := X] XiXi E R[X , ...,X d ]. 

i=0 

To prove the theorem, it suffices to force yj-L fl,-Xj ^ p ; - for all 1 < < r. Then for each 
1 < j < r, we have 

d 

x a = J2 a i x i £ Pj F (^o, ■ ■ ■ ,a d ) ^ in R/py • • • (**), 

1=0 

which is stable under taking multiplication by elements of A x . 
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Our final goal is to identify the set of points of F d (A) satisfying the condition (**) and 
describe it as the inverse image of an open subset under the map Sp A : F d (A) — > P rf (k). 
It is clear that the ideal of R generated by the set: {F(ao, ... ,a&) \ (uq, ... ,a&) G F d (A)} 
is the maximal ideal m. Since the union of all primes pi, . . . , p r is strictly contained in m, 
there exists (uq, ... ,a&) G F d (A) for which F(ao, ... ,a&) £ p, for all i. We will use this fact 
just below. 

Casel: Assume that G pj for some ;'. Let Rj be the localization of R at p,-. Then 
A — > Rj is a flat local map of local rings, say Rj is of mixed characteristic. Let my be the 
maximal ideal of Rj and let ky := Rj/ my. Then we have a mapping: 

F d (k) -> F d (kj). 

The condition that the reduced polynomial F(ao, . . . , a^) is nonzero on the projective 
space F d (kj) defines an open subset Uj C F d (kj). By Proposition 2.5, V, := Uj n P rf (k) is 
a dense open subset, as the field k is infinite. 

Case2: Assume that tca i. pj for some ;'. In this case, notations being as in (i), we have 
a mapping: 

P d (Frac(A)) -> F d (kj). 

The condition F{Uq,. . . ,lid) ^ on the projective space F d {kj) defines a Zariski open 
subset Uj C P d (k ; ). 

Proposition 2.5 implies that Uj n P d (Frac(A)) is a dense open subset which is covered 
by basic open subsets. Let Uf be one of those basic open subsets for a homogeneous 
polynomial /, where Uf has the usual meaning. We may assume that / G A[Xq, . . . , X^]. 
Furthermore, by applying Lemma 4.1 to /, it can be normalized into g so that g G 
A[Xq, . . . , X,f] and O^gG k[Xo, . . . , X^]. Consider the subset: 

fi L? l =1 := {a = (fl : • ■ • : « d ) G P d (A) | |g( fl ) | = 1} C P d (A) 

for the normalized valuation | • | : A — ¥ R>o- Then we see that F(uq, ... ,a&) £ pj for all 
(flo : • • • : «d) G U|g|=i and li|g|=i is non-empty, since |g(a)| = lif andonlyif^(Sp A (fl)) ^ 
0. Moreover, this implies that Sp A 1 (Jig) = U\ g \=\- By taking the union of all affine pieces 
Uj coming from a basic open covering of Uj n P d (Frac(A)), we obtain a desired open 
subset Vj C P d (k), as in Casel. 

Combining both Casel and Case2 together, V\ fl • • • fl V r is a non-empty open subset 
of P ri (k) . Hence V is defined as the intersection Vb fl V\ fl • • • fl V r , where Vq is defined by 
G(x) as previously. This completes the proof of the theorem. □ 

The techniques used in the proof of the above theorem will play an important role in 
the next main theorem. 
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Theorem 4.4 (Local Bertini Theorem). Let (R, m, k) be a complete local domain of mixed char- 
acteristic p > and suppose the following conditions: 

(1) let A ^ R be a coefficient ring map for a complete discrete valuation ring (A, n A ); 

(2) let xq, X\, . . . , Xd be a fixed set of minimal generators ofm; 

(3) R is normal, of depth R > 3, and the residue field k is infinite. 

Then there exists a Zariski dense open subset U C P rf (k) satisfying the following properties. 
For any a = (ao : ■ ■ ■ : a d ) E Sp^ 1 (U r ), the quotient R/x a R is a normal domain of mixed 
characteristic p > 0, where we put 

d 

X-a • — 2 i a\X[. 
i=0 

Proof. The first step of the proof of the theorem has been completed in Theorem 4.3. Tak- 
ing V C P rf (k) as given in Theorem 4.3 and denoting by Reg(R) the regular locus of R, 
we find that 

Reg(R) n V(xa) C Reg(R/x fl R) • • • (1) 

for all a = {uq, . . . ,a&) G Sp^ 1 (V). Let us explain some basic ideas. In this proof, after 
some preparations, we give a candidate of U C P d (k) for our theorem as a Zariski open 
subset U C V. In Stepl below we prove that U is non-empty. Then in Step2, we will 
show that the quotients R/x a R with a G Sp A 1 (LT) satisfy the well-known condtions (Ri) 
and (S2) and thus are normal. Finally in Step3, we will show that the quotients R/x a R 
with a G Sp A 1 (LZ) are of mixed characteristic. 

Stepl: Let X := SpecR — V(m). Then since R is a complete local domain, the singular 
locus Sing(X) is a proper closed subset. Hence the set of minimal primes in Sing(X) is 
finite, and let 

Qi := {p G X I p is a minimal prime in Sing(X)}. 

Note that every prime in Qi has height > 2 (due to the (S2) condition on R). On the other 
hand, 

Q 2 := {p G X I depth R p = 2 and dimR p > 2} 

is also a finite set ([1], Lemma 3.2 and the (S2) condition on R). Now let Qi U Q2 := 
{pi,...,p m } and let 

d 

F(X , . . . , X d ) := £ ocfXf G R[X , . . . , X d ]. 

z'=0 

Then for each 1 < j < m, it follows that 

d 

Xfl = a > x > £ Pj F ( lo > ■ • • / flrf) 7^ in R/py. 

i=0 
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Then as argued in Casel and Case2 in the proof of Theorem 4.3, we obtain Z\, . . . , Z m , 
which are non-empty open subsets of P d (k). Put Z := Z\ D • • • fl Z m • • • (2). 

Next pick p G X(1 V(x a ) such that htp > 2 and assume that x a = Y%=o a i x i satisfies (1) 
and x a avoids all primes in Qi U Q2. 

Step2: (i) If htp > 2, then since x a avoids all primes in Q2, it follows that dim(R/ x H R)p > 
2 and depth(R/x„R) p > 2. 

(ii) If ht p = 2, then since x a avoids all primes ideal in Qi and the height of every 
prime in Q\ is at least 2, it follows that R p is regular. By (1), one finds that (R/x H R) p is 
a discrete valuation ring. On the other hand, the hypothesis that depth(R) > 3 implies 
that depth(R/x fl R) > 2. Hence R/x a R is a normal domain in view of Serre's normality 
criterion. 

Finally, it remains to make the quotient R/x a R into a local ring of mixed characteristic 
p > 0. 

Step3: Let {qi, . . . , q n } be a set of all height-one primes of R lying above tca- Then 
again, applying the discussion of Casel and Case2 in the proof of Theorem 4.3 to 
{ii/ • • ■ r<\n)r we find a non-empty open subset W C P d (k) • • • (3), which avoids the 
union qi U • • • U q„. 

Combining (1), (2), together with (3), and taking a non-empty open subset U := V fl 
WnZCP d (k),it turns out that Sp^ 1 (ii) C F d (A) has the required property. □ 

Remark 4.5. In particular, if R is a Cohen-Macaulay normal local domain, then R/x a R is 
Cohen-Macaulay and normal. One can continue this process until dim R = 2 is attained. 
Note that the module-finite extension of local rings A[[z\, . . .,z n ]] —> Ris flat if and only 
if R is Cohen-Macaulay, by the Auslander-Buchsbaum formula. 

Next, let us consider the case when the residue field is finite. Let (R, m, F) be a com- 
plete normal local domain of mixed characteristic p > with finite residue field F. In 
other words, R is a finite extension of W(F) [[zi, . . . , z n ]], where W(F) is the ring of Witt 
vectors of F. Let O := W(F) for simplicity and let C ur be the completion of the maximal 
unramified extension of O. Then W(F) = O™. Put 

:= R<§>00 ur (resp. R^m- := strict henselization of R). 

Then R^ur is local Noetherian, but not complete. By the main result of [3], Rg^ r is the 
completion of R^ur and a normal local domain. From algebraic number theory, O UT is 
obtained from O by adjoining all n-th roots of unity for (n, p) = 1. There is a structure 
map O ur — > Rgs- We define the multiplicative map (not additive) 

9^ : F -¥ 0^- r 



BERTINI THEOREM FOR NORMALITY ON LOCAL RINGS IN MIXED CHARACTERISTIC 



15 



as just the Teichmiiller map F — > W(F). In particular, we have q o 9^ = Id F , where 
q : C ur — >■ F is the residue field map. There is a set-theoretic mapping: 

(flgSi) :F rf (F) -^V d (0^) 

defined by (0gs)(fl) := (0gSr(«o) : ••• : 0gs(«rf))- Note that (9) = Spg^ r and (flga) is 
well-defined, since 6>gs is multiplicative. Furthermore, since the composite (q) o is 
an identity map, is injective. 

Corollary 4.6 (Finite Residue Field Case). Let the hypothesis be as in Theorem 4.4 for 
(R,m,F), except that the residue field F is finite. Then there exists a non-empty open subset 
U C P d (F) s«c/z that for a E (6^)(U), there is a finite etale extension O — >■ O' of discrete 
valuation rings such that x a G Rqi '■= R ®o O' and Rqi /x a R i is a normal domain of mixed 
characteristic p > 0. 

The proof will be done by constructing a multiplicative map 6>g^ r : F — > O ur , which 
extends to the map 0gs : F —> O™. 

Proof. We keep the notation as in Theorem 4.4. First, note that (0g S )(U) C F d (O m ) 
and that xq,x\,. ..,x^ are the minimal generators of the maximal ideal of Rgs. Then 
the hypotheses of Theorem 4.4 are fulfilled for the complete local domain Rg^ r . First, 
let us construct a multiplicative map 6^ : F — > O ur which extends to the map 0gs. 
The local ring O m is constructed as the direct limit of finite unramified extensions of O; 
O ur = lim A( _ A 0\ with 0\ = W(Fa) and we have the Teichmiiller mapping Fa — > 0\ 
for the residue field F A of 0\. Then we have a commutative diagram: 



F A -™*> O x 

which naturally forms a direct system, so the desired map 6^ is given by its direct limit. 
On the other hand, it is easy to see that the map 9^ : F — > O UI factors as 

F — O ur > O™, 

and thus we have x a = Yj=o a i x i e ^e> ur f° r an y a e 0^)- Since the map 

R0 ur / X aR0 UI Rg^r/XflRglTr 

is local flat, Rqut / x u Rqut is a normal local domain. 

By what we have said above, all the coefficients of a linear form x« = J^L a i x i are 
contained in some finite subextension O — ¥ O' — > O UT . In other words, for a finite etale 
extension R — > Rqi of normal domains, the quotient Rqi /x a RQi is normal. □ 
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Remark 4.7. Let <p : (Km) — > (S, n) be a flat local map of local rings. Then one might 
think of the relationship between R/xR and S/xS for a nonzero divisor x G m. In fact, in 
order to use the local Bertini theorem for S in terms of R, for exmaple, assume that R and 
all fibers of (p are normal. Then for any x such that R/xR is normal, S/xS is so. 

It is important and necessary to answer the following question: 

Question 4.8. Resume the hypothesis of Theorem 4.4 and assume that x a = ux a i for a unit 
u G R x . Then is it true that u G A x ? 

This question asks that which subset of F d (A) parametrizes the set of height-one 
primes {x a R}. In other words, does it provide mutually distinct prime ideals of R? In 
the next section, we will answer the above question. In fact, we need to restrict to the 
set of those points which are in the image of the Teichmiiller mapping. This fact will be 
important in the proof of the control theorem, which will be discussed later. We end this 
section with an example, which applies Theorem 4.4 and its proof for a given normal 
domain R. 

Example 4.9. This example deals with the finite residue field case, but the result is valid 
for any discrete valuation coefficient ring. Suppose that p > 3 and 

R :=Z p [[x 1 ,X2,x 3 ]]/(4 + 4 + 4)> 

which is a three-dimensional Cohen-Macaulay normal local domain. By Theorem 4.4, 
there exists an open set U C P 3 (F p ) which does the job. Now we keep track of the 
following steps to find U. 

(i) Need to have dx a G H R / Zp basic at every p G SpecR. 

(ii) Need to determine two finite sets of primes Q\ and Q 2 in Theorem 4.4. 

(iii) Need to avoid Qi and Q 2 as above. 

Then we know 

- ^ Rdxi © Rdx 2 © Rdx 3 
Rfz p R(x\dx\ + x 2 dx2 + x 3 dx 3 ) ' 
the singular locus of R is defined by the ideal {x.\, Xj, X3), Q\ = {(xi, X2, X3)} and Q2 = 0- 
To get a normal ring of mixed characteristic, take x a := aop + Ya=i a i x i such that 

3 

a = (a : a x : a 2 : a 3 ) G U := U{z ) n ( \J U(z,-)) C P 3 (F p ), 

!=1 

where (z : • • • : Z3) is the homogeneous coordinate of P 3 (F p ). Then x a <£ Qj. If we 
assume a\ is a unit for simplicity, we see that 



1 



1 



1 
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is a free module, in which the image of dx a spans a direct summand. On the other hand, 
foiR:=R/(x 3 ), 

^ I ^ Rdx\ © Rd%2 © Rdx3 

R/Zp 3 RfZ p R(xidX\ + X2dX2) 

To show that the image of dx a is basic on C1 R / Z / X3 • Or/z p / keep track of the same steps 
as above by inverting and killing first X2, and then X\. 

Finally, if one takes R := X p [[x\], then p £ p( 2 ) for every prime p of R, since p is a 
regular parameter. But dp = and so the notion of basic elements is stronger than that 
of non-containment in the second symbolic power of a prime ideal. 

5. Distinct hyperplane sections in local Bertini theorem 

In this section, we give an answer to Question 4.8. Assume that (R, m, k) is a complete 
local normal domain with perfect residue field of characteristic p > with its coeffi- 
cient ring W(k), the ring of Witt vectors. Then as previously, we have the mapping: 
(#vv(k)) : P d (k) —¥ P d (W(k)). The following proposition asserts that the parameter 
set of specializations in the local Bertini theorem may be identified with an open subset 
U C P d (k). In the case 7T W ( k ) i m 2 , we put 

A 

X« = «0^W(k) + Y^, a i X i- 
i'=l 

Proposition 5.1. Let the notation and the hypothesis he as above, and let U C P d (k) be a non- 
empty subset. Moreover, put xq = 7r W (k) in the case n w ^ £ m 2 . Suppose that x a = ux a < for 
a, a' G (0w(k))C-O an d « G R x . Then we have u G W(k) x . 

Proof. We need to divide the proof, according to the case n w ^ G m 2 or 7r W (k) £ m 2 . 

Casel: Assume 7r W ( k ) G m 2 and denote by a, the image of a,- G W(k) under the 
surjection W(k) [[X , . . . , X d }\ -» R (X,- i-» x,). Let P be its kernel and let k -» W(k) be the 
Teichmiiller mapping. Then we prove that 

K 7r w{k) W(k)[[X ,...,X d ]]+9JT 2 , 

where 9Jt := (Xo, . . . , X d ). Let / G P be a nonzero element. Assume that 

ft Tc w{k) W(k)[[Xo,...,X d ]}+Tl 2 

and derive a contradiction. For the proof of the claim, we may reduce W(k) [[Xo, . . . , X^]] 
by 7r W ( k ) . Then we find that / i. 93T 2 in k [ [Xo, . . . , X d ] ] . The number of minimal generators 
of the maximal ideal of R/n w ^R is equal to 

dim k m/(7r W( - k )R + m 2 ) = dim k m/m 2 , 
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due to 7r W ( k ) G m 2 . So Xq, . . . ,x d are the minimal generators of the maximal ideal of 
R/n w ^R. Then there is a surjection 

k[[X ,...,X d ]] ^R/7r w(k) R. 

Now choose s such that 

oo 

f = '£h i xiek[[Xo,... f x d \] t 

i=0 

hi G k[[Xi, . . . , X s _i, X s+ i, . . . , X d ]] for all i > 0, and hi is a unit. Indeed, if h\ is not a unit, 
then since / £ 9ft 2 , h contains a nonzero linear term after presenting it as an (inifinite) 
sum of homogeneous polynomials. Then replacing s by a suitable one, we can assume 
that hi is a unit. 

Taking reduction of / = YT= o ^i^l by P, we get Y4L1 h(x l s = —ho in R/tt w ^R, and //1 
is a unit of R/ 7r W ( k )R. Thus, 

x s ■ (unit) = —ho- 

But this gives a contradiction to the fact that Xq, ...,Xd are the minimal generators of 
the maximal ideal of R/ 7%( k )R and that — ho G (xo, . . . ,x s -\, x s+ i, . . . , x d ). Hence, P C 
7r w(k) W(k)[[X 0/ ...,X d ]]+a>t 2 . 

In the next place, fix an arbitrary lifting u G W(k) [[Xo, . . . , X rf ]] of u under the map 
W(k)[[Xo,...,X d ]] -> R. We write: 

where (so, ...,Sd) signifies the multi-index, and all the elements ijf '""^ are the Te- 
ichmiiller lifts. Since u is a unit, b^' '"'°' ) 7^ 0. By lifting the relation x fl = ux a , to 
W(k)[[X ,...,X d ]],wehave 

d co d 

E = ( E (E ^ so Srf) ^ (k ))^° • • • xy) ( E «: x <) ( mod p )- 

i=0 s ,...,s d r =0 i=0 

Rewrite the above presentation as: 

d 00 d 

E(«* - ¥f °V i - ( E (E bi S0 *V w(k) )x? • • • r/) ( z^t) 

i=0 s ,-.,s d r =\ i=0 

+ ( E h o° ^•••X^)(E«;X l -) (modP). 

(s ,...,s d ) i=0 

7^(0 o) 

Then by mapping the above formula to the quotient k[[Xo, . . . , X d ]], comparing the de- 
grees on both sides, and then using the fact P C 7r W ( k ) W(k) [[Xo, . . . , X^]] + SOT 2 , we find 
that 

n (o,...,o) . 
«; = «iO + n w(k) ■ v i 
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for some V{ G W(k) . However if Vj ^ 0, this implies that Uj is not a Teichmiiller lift, which 
is false. So we have V[ = for all i and the following relation holds: 

s ,...,s d r =l i=0 

+( E fc i S0 ^'-^(E^gp. 

7^(0 0) 

Since P is a prime ideal, we deduce that 

oo 

(E(E^ S0 "V w(k) )x?.-.xy+ E 6?° s ^-^)ep 

s ,-,Srf r=l (s 0/ ..vSrf) 

7^(0 0) 

and thus u = b^''"'^ (mod P) and w G W(k). Hence u G W(k) x , as desired. 

Case2: Assume 7%(k) £ m 2 . Then taking xo = 7%(k)/ we may consider the surjection 
W(k) [[Xi, . . . , Xd]] -» K (X, 1-4 x,) and let P be its kernel. In this case, we claim that 

P C 9JT 2 , 

where 951 := (7%(k)/ Xi, ■ • • / %-d)- Indeed, any nonzero element / G P can be presented in 
the form: 

E (E^ S1 "V w(k) )^...xs'. 

sj,...^ r=0 

Assume that / £ Wl 2 . Then we have / £ 9Jt in R and the calculation of / = in R as 
in Case 1 shows that / contains a linear term with respect to either 7r W ( k ), or some X/, 
which leads to a contradiction to the minimality of 7Tw(kV x i> • • • > x d> as discussed in Case 
1. Assume that x fl = ux a i for some u £ R x . Then by applying the final step of Case 1 
together with the fact that P C 9JT 2 , we conclude that m G W(k) x , as desired. □ 

Now Proposition 5.1 assures us that there are sufficiently many normal hyperplane 
sections for a normal local domain, which is as follows. 

Corollary 5.2. In addition to the hypothesis of Proposition 5.1, assume that k is an infinite perfect 
field of characteristic p > and U C P rf (k) is an infinite subset. Then {x a R \ a G (^w(k))(^)} 
is an infinite set of mutually distinct height-one primes. In particular, we have 

n x « k = °- 

ae(e w{k) )(u) 

Proof. By the above proposition, the subset (6 W ^)(U) C P rf (W(k)) parametrizes the set 
of height-one primes {x a R} and it is infinite, since U is so by assumption. Since R is a 
Noetherian domain, every nonzero nonunit element of R has only finitely many prime 
divisors (of height one). Therefore, we have the claim. □ 
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The authors believe that Proposition 5.1 holds for any infinite residue field. Via the 
proof of the proposition, we obtain the following corollary, which is necessary in dealing 
with only the unramified case. 

Corollary 5.3. In addition to the notation of Theorem 4.4, assume that tca is part of minimal 
generators ofm and Xq = tca- Then tca is part of minimal generators of the maximal ideal of 
R/x a Rfor every a G F d (A). 

Proof. It is not necessary to assume that k is a perfect field. Let A[[Xi, . . . , X^]] -» R be a 
surjection with its kernel P, which is so constructed due to the assumption: tca £ m 2 . 
Then P C in a, X\, . . . , X^) 2 , as was seen in the proof of Proposition 5.1. Let x a = 
aoTiA + Lf=i fl j'Xj be a lifting of x a . Since every point of F d (A) is normalized, a ; - G 
A is a unit for some 1 < i < d, we have an isomorphism: A[[Xi, . . . ,X d ]]/(x a ) ~ 
A[[Xi, X f _i, X !+1 , . . . , Xa]] together with n A £{n A ,X x ,..., X f _i, X /+1 , . . . , X rf ) 2 . 

But since P C (n A , X\, . . . , X,-_i, X,- + i, . . . , X^) 2 , where P is the image of P in the quo- 
tient A [ [X-[ , . . . , X d ] ] I ( x a ) , it follows that zr^ is par t of minimal generators of the maximal 
ideal of R/ x a R, as required. □ 

6. Serre's CONDITIONS (R n ) AND (S„) 

Let us briefly state Bertini theorems for the punctured spectra of local rings in the case 
when R satisfies Serre's conditions. The essence for these cases already appears in the 
proof of the Bertini theorem for normal rings. In the following corollary, the quotient 
R/x a R may fail to be reduced. As usual, we put X = Spec R — V(m) and 

d 

^ — y \ a{X{ 

i=0 

for a = (a ,...,a d ) G A d+1 (A). 

Corollary 6.1. Suppose that (R, m, k) is a complete local reduced ring of mixed characteristic 
p > 0, that conditions (1) and (2) of Theorem 4.4 hold, and that the residue field k is infinite. 
If R p has Serre's (R n ) (resp. (S n )) for all p G X, then there exists a Zariski dense open subset 
U C P d (k) such that for every 

a = (fl : • • • : a d ) G Sp^LT), 
the quotient R v /x a Rp has (R n ) (resp. (S„)) for all p G X n V(x„). 

Proof. We briefly sketch the proof of the corollary. Since R is complete local and reduced, 
the singular locus of R is non-empty. Thus, the set 

Qi := {p G X | p is a minimal prime in Sing(X)} 
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is finite. Let 

Qi '■= {p ^ X | depth R p = n and dimR p > n}, 
which is also finite by ([1], lemma 3.2). The proof is similar to that of Theorem 4.4. So 
it suffices to avoid the union of finite set of prime ideals in Qi U Qj. Namely, for any 
a = (ao : • ■ ■ : a d ) E Sp A 1 (U r ), the localization R p /x fl R p has (R n ) (resp. (S„)) for all 
p G X n V(x a ) and Reg(R) n V(x a ) C Reg(R/x fl R). □ 

The above proof also shows that the Bertini theorem holds for mixed Serre's condi- 
tions. That is, if R has (jR s ) + (S r ), then so does R p /x fl R p for all a = («o : • • • : «d) € 
Sp^ 4 1 (U r ) and all p G X n V(x a ). For instance, we obtain the Bertini theorem for reduced 
rings, since R is reduced <t=> R has (Ro) + (Si). To be precise, we have the following 
version of Bertini theorem: 

Corollary 6.2. Suppose that (R, m, k) is a complete local normal domain of dimension 2 in mixed 
characteristic p > 0, that conditions (1) and (2) of Theorem 4.4 hold, and that the residue field k 
is infinite. Then there exists a Zariski dense open subset U C P d (k) such that for every 

a = (a : ■ ■ ■ : a d ) e Sp^ 1 (U) / 

f/ze quotient R/ x a R is a reduced ring of mixed characteristic p > 0. 

Proof. By the previous corollary, R p /x a R v is reduced for all p G X n V(x fl ). Since R is a 
local normal domain of dimension 2, we have depth R = 2. Hence R/ x fl R is reduced. To 
make the quotient R/x a R into a ring of mixed characteristic, it suffices to choose U such 
that re a is not a zero divisor of R/x a R. In fact, we may take x a so that it avoids the union 
of finitely many minimal prime divisors of ti^R, since every system of parameters of R 
is a regular sequence. So the rest of the proof is similar to that of Theorem 4.4. □ 

Remark 6.3. In place of the hypothesis of Corollary 6.2, assume that R is only a domain. 
Then can one find x a such that R/x a R is a domain as well? In the mixed characteristic 
case, the answer to this question is not clear yet. But there is a two-dimensional complete 
normal local domain over C without principal prime ideals at all (such an example is due 
to Laufer, as mentioned in [1]. However, an explicit example is not given there). In light 
of this, both Corollary 6.1 and Corollary 6.2 seem to be the best results. 

7. Characteristic ideals of torsion modules over normal domains 

Throughout this section, we assume that R is a Noetherian normal domain and M is a 
finitely generated torsion R-module. Then the localization of R at every height-one prime 
is a discrete valuaton ring. We introduce an invariant of the module M. For an ideal I 
of R, let M[I] denote the maximal submodule of M which is annihilated by I. We follow 
the definition of characteristic ideals by Skinner-Urban as in [11]. For more results and 
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properties on characteristic ideals with its relation to the reflexive closure and the Fitting 
ideal, see § 9. 

Definition 7.1. Let the notation be as above. Then the characteristic ideal is an ideal of R 
defined by 

chars (M) = {x £ R \ Vp(x) > £r p (Mp) for any height-one prime P}, 
where v P ( — ) is the normalized valuation of Rp. 

Since M is torsion, £r p (Mp) = for all but finitely many height-one primes p of R and 
it suffices to take only height-one primes in the support of M in the definition. When M 
is not a torsion R-module, we put char R (M) = 0. 

Remark 7.2. The formation of characteristic ideals does not commute with base change in 
general. For example, let R = Z p [[x,y]] and let M = R/ xR. Then M is a torsion module 
and char R (M) = xA. However, the R/xR-module Ml xM is not torsion. Therefore, 

= char R/xR (M/xM) C xR = char R (M)R/xR 

in this case. In general, even when Ml xM is a torsion R/ xR-module, it may happen that 
char R / xR (M/xM) ^ char R (M)R/x.R, which is caused by the presence of pseudo-null 
submodules (see the definition below). 

Definition 7.3. A finitely generated module M over a Noetherian normal domain R is 
pseudo-null, if M p = for all height-one primes p G Spec R. A homomorphism of R- 
modules / : M — > N is a pseudo-isomorphism, if both ker(/) and coker(/) are pseudo-null 
modules. 

The proof of the next lemma is found in ([6], Proposition 5.1.7). 

Lemma 7.4 (Structure Theorem). Let Mbea finitely generated torsion module over a Noether- 
ian normal domain R. Then there exist a finite set of height-one primes {Pi}i<=i (which is not 
necessarily a redundant set of height-one primes) and a set of natural numbers {e;}; € j such that 
there is a homomorphism: 

/:M->0R/^ 

iel 

that is a pseudo-isomorphism. Moreover, both {Pi}i<=i and {e;}i G i are uniquely determined. 

Henceforth, we use the notation M ~ N to indicate that there is a pseudo-isomorphism 
between M and N. As mentioned before, the formation of characteristic ideals does not 
commute with base change in general, which can produce extra error terms. 

Proposition 7.5. Let M be a finitely generated torsion module over a Noetherian normal domain 
R. Let x G R be an element which satisfies the following conditions: 
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(1) R/ xR is a normal domain (which implies that xR is a prime ideal); 

(2) x is contained in no prime ideal of height one in the support of M (which implies that 
Ml xM is a torsion R/ xR-module). 

Then we have: 

char R/xR (M/xM) = ( char R/;cR (M[x]) • ]J p(R/xR) e ** {M >A **. 

htp=l, 
peSpecR 

Proof. Recall from Proposition 9.6 in Appendix, that if — > L — > M — > N — > is a short 
exact sequence of torsion R-modules, then char R (M) = (char R (L) • char R (N))**, where 
( — )** denotes the reflexive closure. The condition stated in the proposition implies that 
all relevant modules are torsion. First off, we claim that 

char R/ , R ( R/(p + xR)V M p)) = ( fl P(K/*R)V m p)) **. 

htp=l htp=l, 

peSpecR 

For the proof of this equality, let {Pi, . . . , P m } be a set of all height-one primes of R/ xR 
which contain p(R/xR). Then the localization (R/xR)p i is a discrete valuation ring and 

p(R/xR) P . = Pi >P ' (R/xR) P . 

for all i. Then the above equality immediately follows from this. Thus, it suffices to prove 
the following equality: 



( char R/xR (M/xM) • char R/xR (M[x]) ^ 
= char R/xR ( R/(p + xR)^p( M ^), 



htp=l, 
pGSpecR 

which is an element in the group of all reflexive fractional ideals of R. By considering 
all torsion R-modules such that x G R is contained in no height-one prime ideal in their 
support, we show that both sides of the above formula is multiplicative on short exact 
sequences. Let 

be a short exact sequence of such R-modules. Then since the function £( — ) is additive, 
it follows that the right hand side of the above formula is multiplicative. On the other 
hand, there follows the exact sequence: 

-1 L[x] -»• M[x] -> N[x] -> L/xL -> M/xM -»> N/xN -> 

by the snake lemma. If p is a height-two prime ideal of R containing x G R, we may 
localize the above exact sequence at p, so it follows that the left hand side of the above 
formula is multiplicative as well. 
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Hence we are reduced to the case that M = R/q for a prime ideal q by the prime 
filtration argument. Assume first that ht q = 1. Then we clearly have Supp(M) = {q}, 
M[x] = 0, and lz q (M q ) = 1, because M q is a field. Now the formula is obviously true. 
Next assume that ht q > 1. Then it is easy to see that both sides of the formula are equal 
to a unit ideal, which completes the proof. □ 

8. Applications to characteristic ideals 

Our final goal is to prove Theorem 8.7. The aim of the main theorem is to establish 
some techniques, which enables us to study Iwasawa Main Conjecture (see [9]), so we 
need to deal with local rings with finite residue field. Let (R, m, F) be a complete normal 
local domain of mixed characteristic with finite residue field. In other words, R is the 
integral closure of Z p [[zi, . . . ,z n ]] in a finite field extension of the field of fractions of 
Z p [[zi,. . . ,z„]]. Let us recall the set-up of Corollary 4.6 and prove some preliminary 
results. 

Recall that Rg^ := R® 0™ with its coefficient ring O™. Then if depth R > 3, the com- 
plete local ring Rg^ r fits into the hypothesis of Theorem 4.4. The Teichmiiller mapping 
F -> 6™ induces (%s- r ) : P d (F) -> F d (0™) (there is an inclusion F d (O ur ) C F d (6™)). 

To establish the fundamental theorem for characteristic ideals, we need to relate the 
torsion R-modules to the Rg^-modules and then descend to R by faithful flatness. The 
advantage of working with Rgs is that the residue field is infinite and perfect. We intro- 
duce some notation. Denote by FittA(M) the Fitting ideal of the A -module M. We make 
free use of results and notation from Appendix. 

Definition 8.1. Under the notation as above, fix a set of minimal generators X\, . . . , x& of 
the unique maximal ideal of R. Then we set 

£gs := {x fl Rgs | a = (a Q : • • • : a d ) e (0gs)(lf)} 

for the mapping (9^) : P d (F) — > F d (O nr ). For a finitely generated torsion Rg^-module 
M, we define a subset (M) C £g^ r which consists of all height-one primes x fl Rg^ r G 
£q& such that the following conditions are satisfied: 

(A) M/x fl M is a torsion Rg^ r /x fl Rg^ r -module. 

(B) The following equalities of ideals hold in Rg^ r / x fl Rg^ r : 

char R ^ r/XoR ^ r (M/x fl M) = (char R _ (M)Rg^/x fl Rg^)** 

m 

= (Fitt Vur (0R^ r /pn R ^/ x «^)**' 

!=1 

where (-)* = Hom R _ /XaR _ {-,R^J\ a R^ r ) and M » Rgs/Pf is a fun- 
damental pseudo-isomorphism. 
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When the base ring R is complete regular, this definition actually coindides with the 
format as given in ([8], Definition 3.2.). The way of interpreting the condition (B) is that 
one wants to see the characteristic ideals through Fitting ideals as an intermediate invari- 
ant. Note that all of three ideals appearing in (B) may differ in general. 

Lemma 8.2. Let the notation and the hypothesis be as in Corollary 4.6 and let I C Rg^ r be an 
ideal and consider the natural injection I — > I** with its cokernel N. Then there exists a finite set 
{Qi}i<i<e consisting of height-two primes ofR^s such that for 

X fl^g)ur £ £qut {R@ur / Qi) 

\<i<i 

and for all P £ Spec Rgs with the property that x a G P and ht P < 2, we have Np = 0. 

Proof. By definition, the module N is supported on a closed subset of codimension two in 
SpecR sh . So there are only finitely many height-two prime ideals contained in SuppN. 
Hence it is sufficient to choose Q\, . . . , Qi as height-two prime ideals in Supp N. □ 

In the following remark, let us examine when equalities occur between various ideals 
in the condition (B). 

Remark 8.3. Suppose M is a finitely generated torsion A-module. Then we have 

Fitt A (M)** = char A (M) 
(see Proposition 9.6 in Appendix). Take a fundamental pseudo-isomorphism: 

m 

for a (not necessarily redundant) finite set of height-one primes {P,} of Rg^r r . Choose 
x « £ Rgs such that Rgs /x a R^r r is normal and M/x a M is a torsion Rg^ r / x fl Rg^j-module. 
In particular, the multiplication map: 

® m /p e < x ° rt\ m J? /P e < 

!=1 lx O m ' i tfi=l J^Qm I 1 i 

is injective. Then since Fittg(M <8> A B) = Fitt A (M)B for any Noetherian A -algebra B, 
letting B = Rgs/x fl Rga., it follows that 



(char Rga (M)R ss /x fl R sa )** = (Fitt R _ (0 R^/P? )R^/x a R^y* 

i=l 

m 

= Rtt W x iR _ (©Rga/Cx.Rga + J*))« 



i=l 



as long as 

XflRgS €E C-qS; (RgjS /Qi)/ 



i<i<e 
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where {Qi}i<i<e is specified as in Lemma 8.2 (of course, we have assumed the normality 
of Kgs / XaRjys as well as the torsion property of M/\ a M). It also yields that 

m 

(char R ^ r (M)R^ r /x«%r r )** = char R _ / XaR _ (0%s/(x fl %5 + ff ))/ 

i=l 

which we will use below. 

Some preliminary results from [8] may be proved in a similar way over general normal 
domains with necessary modifications. 

Lemma 8.4. Under the notation and the hypothesis as in Corollary 4.6, assume that M is a 
finitely generated torsion R^-module. Then the following assertions hold: 

(1) The set C^ T (M) is identified with the intersection: 

{x fl Rgs | M/x fl M is a torsion Rgs/xRgs -module} n£gir r (M nu u)n f] £gs(Rgs/Q;)/ 

\<i<l 

where M nu u is the maximal pseudo-null submodule ofM and {Qi}i<i<e is a set of height- 
two primes as stated in Lemma 8.2. 

(2) Assume that N is a finitely generated pseudo-null R^-module and {Q-}i<kjc is a set of 
all associated prime ideals of height two for the module N. Then we have: 

l<i<k 

Proof. (1): This is taken from ([8], Lemma 3.4.), but we give its proof, as it requires some 
modifications. Let M nu n be the maximal pseudo-null submodule of M. Then we have the 
following commutative diagram with exact rows: 

► M/M null ► > N ► 

> M/M null > er=i%r r /Rf > N > 

for a (not necessarily redundant) set of heigh-one primes {Pi]\<i< m of Rg^ r and N is a 
pseudo-null module. 

Assume that M/x a M is a torsion R^ / x a R^-modu\e for x a R^ r <E (~)i<i<e ^gs (Rgs / Qi) 
with the notation as in Lemma 8.2. Then the map 

® m T?^/P e ' X " s <Ti m Z? /P e < 
i=\ ix o nT ' i vPi=l iv £)ur / * j 

is injective. So the snake lemma yields the following exact sequence: 

m 

N[x fl ] -> M/(x fl M + M null ) -> Rgs/C^Rgs + If) -> N/x fl N -4 0. 

i=l 
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There is a short exact sequence: 

> N[x a ] ► N — N > N/x a N ► 

of Rg^ r -modules, whereas both N[x a ] and N/x a N are naturally Rg^ r /x H _Rg^ r -modules. 
Localizing this sequence at all height-two primes P of Rg^ r containing x a , a length com- 
putation for the sequence localized at P reveals that 

char RgG / X( , Rgta (M/(x a M + M nuU )) = char Rga / X8%rr ( Kga/foRgs + P-')). 

\<i<m 

On the other hand, Remark 8.3 shows that 

(char R _ (M)R^ r /x«R^ r )** = char R _ /XaR _ ( R^/{x a R^ + Pf ! ))- 

\<i<m 

Finally, since the multiplication on M/ M nu u by x fl is injective, we have an exact sequence: 

-)■ M nul i/x fl M nuU ->■ M/x fl M ->■ M/(x fl M + M nuU ) ->■ 0. 
Taking characteristic ideals to this exact sequence, we find that 

XflRgs £ £gjs(M) -<=>- x fl Rgs G ^Qur(M nu n), 

because of the condition (B). This completes the proof of (1). 

(2): This part is done in ([8], Lemma 3.5 togther with Lemma 3.1) in the case Rgs is 
regular, so we leave the proof with necessary modifications to the reader. □ 

The next objective is to identify the set £g^(M) for a finitely generated torsion R- 
module M. For the proof of the main theorem, we need to make sure that there are 
sufficiently many specializations that are normal, and then study characteristic ideals by 
combining Proposition 5.1, Lemma 8.2, and Lemma 8.4. 

Lemma 8.5. Under the notation and the hypothesis as in Corollary 4.6, assume that M is a 
finitely generated torsion R^-module. Then we have the following assertions: 

(1) The subset £g^ r (M) C may be identified with a non-empty open subset of 
P d (F) under the mapping (6^) : P d (F) — > P d (O ur ). In particular, it is infinite. 

(2) There exists an infinite sequence {x fli Rgs} !e]N C £g^(M) such that the union of the 
set of all minimal prime divisors: 



U Min^P + x^.R^) 

ZGN 

is infinite, where P appears as one of the components in char R _. (M). 
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Proof. (1): By Lemma 8.4, it follows that x a G £gs(M nu ll) if an d only if x a G £g^ r avoids 
the union of all height-two primes Q\, . . . , Q' k contained in Ass R (M nu u). Let Qi, . . . ,Qg 
be as given in Lemma 8.2. By the assumption that dimR > 3, all those primes together 
with the set of height-one primes Pi, ... , P m in Supp M are strictly contained in the max- 
imal ideal of Rg^. So it remains to determine the non-empty Zariski open subset of 
P rf (F) with the required properties. In other words, it suffices to choose x a such that 
Xfl £ (Ui<Km p i) u (Ui<Kft Q'd u (Ui<i<e Qi)- However, this part may be carried out in 
the same way as the final step of Theorem 4.3, so we leave the detail to the reader. 

(2): We shall be done by completing inductive steps using (1) as follows. Let P be a 
fixed divisor of char^(M). Since P is a non-maximal prime ideal of Rgx, it corresponds 
to a non-empty Zariski open subset of P(F) and we may find x„ G £gj(M), which is 
not contained in P. Then this initial choice satisfies our requirement. 

Choose x fll so that it is not contained in a finite set of prime divisors Min R _ r (P + 
x fl0 Rgs) (which is possible due to dim R > 3). Next, choose x fl2 so that it is not contained 
in the union of the finite set of prime divisors: 

Min Vur (P + x^Rgs) U Min Rga (P + x fll R^ r ) 

Hence we may keep this process and get a sequence x fl0 , x fll , x fl2 , . . . satisfying the required 
properties. □ 

Let M be a module over a complete local domain R with O its coefficient ring and 
let O — > C be a torsion-free extension of complete discrete valuation rings. Then we 
set Mo' '■= M®oO' , which coincides with our previous notation. Let M be a finitely 
generated torsion R-module. Then 

char Ro ,(M >) = char R (M)R >, 

which may be verified directly from the definition. 

Lemma 8.6. Let M, N be finitely generated torsion R-modules. Then we have 

char R (M) C char R (N) <=> char RgjSt {M^ r ) C char Rgtrr (Ngs). 

Proof. The implication is obvious. So let us prove the other implication. Since R — >■ 
Rom is ind-etale, it suffices to show that 

char Rour (M) C char Rour (N) char^ (M^ r ) C char R _ (Nga). 

Note that R^ur — > Rg^- r is faithfully flat, with trivial residue field extension. Then the 
claim follows from this. □ 
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Let us prove the following main theorem on the inclusion of characteristic ideals, 
which is fundamental for the study of Iwasawa theory and Euler system theory over 
general normal domains. 

Theorem 8.7 (Control Theorem for Characteristic Ideals). With the notation and the hypoth- 
esis as in Corollary 4.6, assume that M and N are finitely generated torsion R-modules. Then the 
following statements are equivalent: 

(1) char R (M) C char R (N). 

(2) For all but finitely many height-one primes: 

there exists a finite etale extension of discrete valuation rings O —> O' such that we have 
x fl € Rq> and 

char Ro , /XaRo ,(M //x fl M ,) C char Ro , /XaRo , (N >/x a N >). 

(3) For all but finitely many height-one primes: 

we have 

c^R^/xaR^iM^/xaM^) C char R _ /XaR _ (N^/xaNgs). 
Note that dim R > 3 holds automatically, due to the hypothesis depth R > 3. 

Proof The implications (1) (2) => (3) are obvious. So it remains to prove (3) =>- (1). 
By Lemma 8.6, it suffices to show that 

char R C T l r( M ^i) C char R5a (Ngsi). 
Take fundamental pseudo-isomorphisms for M and N: 

M %s/i? (resp. N -> Rgs/of ) 
» / 

for a (not necessarily redundant) finite set of height-one primes {P,} (resp. {Qy}) of Pg^ r . 
Put Z M := (TliPf)** and ; n := (Ely Of )** and the condition (B) allows one to assume 
that 

M = Rga/^ (resp. N = Rgs/of ). 
! ' ;' 
To simplify the notation, assume that {P, } (resp. {Qy}) is a redundant set of prime ideals 
and all relevant modules are defined over Pg^ r . We make a step-by-step study to com- 
plete the proof. Let 
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be any infinite sequence of mutually distinct primes of R^ r satisfying the condition (3). 
In particular, we have fliGN "a^gta = 0. 

Stepl: Let us establish Supp ht=1 N C Supp ht=1 M, where Supp ht=1 ( — ) is the set of 
height-one primes contained in the support of a module. By assumption, we find that 

(M%s/x«;%5))** Q (^(Rgs/XfliRga))** 

for all i G N. Fix a divisor Q k . Then for every fixed i G N, in particular, we have 

Im C p| a, 

aGA; 

where A, is the set of symbolic powers associated to all minimal prime ideals of 



The image of the natural map 



H a %Tr/x ai %rr 

aGA ; 



is the reflexive closure of Qjc(Rgs/x fl; Rgs). Moreover, we have an injection: 

%s/n n a^nfe/ n «*)• 

I'eN OGA; !GN aGA; 

Since Qfc is a prime ideal and since we could have chosen the set {Xj}; G ]n such that the set 
of minimal primes divisors 

(J Mm R&s (Q k + x ai R^) = |J U Min W a ) 

iGN iGJM aGA; 

is infinite in view of Lemma 8.5, it follows that 

& = n n *. 

!GN OGA; 

and thus we have Im Q Qk- Since Q k is arbitrary, I M C (fly Q/)**/ or equivalently 
Supp ht=1 N C Supp ht=1 M. 

Step2: In this step, we deal with multiplicities of divisors in the characteristic ideal 
and we complete this step by induction on the number of divisors appearing in I M . 

First, assume Im = (P e )** for e > 1. Then we have Supp ht=1 N — or {P} because of 
Stepl. If Supp ht=1 N = 0, there is nothing to prove. So assume Supp ht=1 N = {P}. Both 
M and N are assumed to be fundamental torsion Rq^ -modules, thus Al[x S; ] and N[x fl; ] 
are trivial modules and Proposition 7.5 yields that ^(r-) p (Wp) > ^(R ^ r ) P (^p)- 

In the general case, we prove by contradiction and thus, assume that Im In- Then 
this implies that we have e k < f k for some k. Put 

1 M ■= (P k - ek ■ ImT* (resp. Y N := (P^ • I N )**), 
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which are both integral reflexive ideals. There is a short exact sequence: 

-» l M l Im R@s/Im Rq^/Im (resp. -4 Tn/Jn R@s/In -» R&s/Tn -> 0) 
and it is clear that 

char Vur (Im/Jm) = char RgG (In/In) = (i?)**, 
which induces the following short exact sequences by the snake lemma: 

— > ^m/ (^M/X«,Jm) — > Rgs/ (^M/ X fl,) - > Rgs/ (^Mr x A,) - >■ 

and 

-» In/ (^N/X«T n ) -» Rgs/ (JN/X fl ,) -4 Rg S /(T N/ x fl; ) -4 0. 
Taking characteristic ideals, we get by the assumption (3) 

char Rga /Xfl . Kga (Rgs / (T M/ x fl , ) ) C char Rga /X(i . Rga (Rgs- / x fl; ) ) . 

Since the number of primes divisors in Assr^ (R^/Im) is j ust one l ess tnan that of 
components of prime divisors in I M , the induction hypothesis on I M yields 

char R^r( R o^/^M) C char R _ (Rg^ r /T N ). 

However, we deduce from these observations that Im Q In, which is a contradiction to 
our assumption Im ^ In- Hence, we obtain Im Q In, as desired. □ 

Remark 8.8. It is worth pointing out that Theorem 8.7 holds for complete normal local 
rings of mixed characteristic with arbitrary infinite perfect residue field as well. More 
precisely it can be proven that char R (M) C char R (N) char R / jR (M/xM) C 

char R / xR (N / xN) for sufficiently many x <E R. 

In this article, we presented an application of Bertini theorem to characteristic ideals. 
However, we believe that the main theorem has more interesting applications such as the 
study of the restriction map on divisor class (Chow) groups. 

9. Appendix 

In this appendix, we study the relationship between Fitting ideals and characteristic 
ideals. For Fitting ideals, we refer the reader to Northcott's book [7], but we review the 
basic part of the theory. Throughout, we assume that R is a Noetherian ring and M is a 
finitely generated R-module. 

Definition 9.1 (Fitting ideal). Let the notation be as above and assume that 

F i -* F. o -4 M -4 
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is a finite free resolution of the R-module M, where the mapping — > Fq is defined via 
am x n-matrix X with rank(Fi) = n and rank(Fo) = m. Then Fitt R (M) is defined as an 
ideal of R generated by all ra-minors of X. 

The Fitting ideal does not depend on the choice of a free resolution and it enjoys the 
following properties. 

Proposition 9.2. Let Mbe a finitely generated module over a Noetherian ring R. Then we have 
the following properties. 

(1) Let I C R be an ideal. Then Fitt R (R/ 1) = I. 

(2) Let S be any Noetherian R-algebra. Then Fitts(M ® R S) = Fitt R (M)S. 

(3) Let Ann R (M) be the annihilator of the R-module M. Then 

Fitt R (M) C Ann R (M). 

(4) IfO^L—>M—>N—>Oisa short exact sequence of R-modules, then 

Fitt R (L) -Fitt R (N) C Fitt R (M). 

(5) Assume that R is a discrete valuation ring with its uniformizing parameter b and M is a 
torsion R-module. Then Fitt R (M) = (bY^ M \ 

Proof. These facts are all well known. For (5), it simply follows from the elementary 
divisors of modules over a principal ideal domain. □ 

For a Noetherian domain R and an K-module M, let M* := Hom R (M, R), the dual of 
M. We say that M** is the reflexive closure of M. Then we have the following lemma. 

Lemma 9.3. Let Rbea Noetherian domain and let I be a fractional ideal ofR. Then the reflexive 
closure I** is naturally regarded as a fractional ideal ofR. 

Proof. By assumption, there exists oc G R such that I ~ a ■ I C R. Let / := a ■ I, an ideal of 
R. The short exact sequence — > } — > R — > R/J induces a short exact sequence 

= Hom R (R// / K) -> R -> Hom^R) -> N -> 0, 

with N C Ext R (R/ J,R) cokernel of R —¥ Hom R (/,R). Then applying Hom R (— ,R), we 
get an exact sequence 

= Hom R (N, R) -> /** -1 R, 

because J ■ N = 0. This implies that /** is an ideal of R. Then T** = a^ 1 ■ J** is a fractional 
ideal. □ 



BERTINI THEOREM FOR NORMALITY ON LOCAL RINGS IN MIXED CHARACTERISTIC 33 

Note that even when I and / are reflexive, the product I ■ ] need not be reflexive. Any 
principal ideal is reflexive. Let I be an ideal of a normal domain R. Then we recall the 
following fact: 

I** = f]lp, 

p 

where P ranges over all height-one primes of R. The natural inclusion I — > I** is a 
pseudo-isomorphism, since Ip — > (I**)p = (Ip)** for every height-one prime PCR. The 
following lemma explains the naturality of reflexive ideals and gives a way to investigate 
the inclusion relation between characteristic ideals. 

Lemma 9.4. Let Rhea Noetherian normal domain and let I and } be reflexive ideals. Then IC/ 
if and only if vp(I) > vp(J) for a valuation v attached to every height-one prime P of R. In 
particular, the only reflexive integral ideal containing a prime ideal ofR properly is R itself. 

We defined characteristic ideals as reflexive ideals and this is natural from the view- 
point of Iwasawa theory, because the most interesting arithmetic information may be 
captured at height-one primes. For finitely generated torsion R-modules M, N, it follows 
from the above lemma that charR (M) C charR (N) if and only if chars (M)p C charR (N)p 
for every height-one prime P € Supp(M) U Supp(N). 

Example 9.5. Suppose I is reflexive and let a C R be such that R/a is a normal domain. 
Then I (R/a) need not be reflexive. For a general ideal I C R, it can happen that 

(I(R/a))** ^ (I**(R/a))**. 

Here, I** is the reflexive closure with respect to R and (I(R/a))** is the reflexive closure 
with respect to R/a. Let us take a look at the following simple example. Take R = 
Z p [[x,y]], I = (x,y), and a = (x). Then (I**(R/a))** = R/xR, since there is no height- 
one prime of R containing I. But (I(R/a))** = y(R/xR). 

Proposition 9.6. Let Rbe a Noetherian normal domain. Then the following hold. 

(1) Let M be a finitely generated torsion R-module. Then we have 

char R (M) = ( n pV M >))** = Fitt R (M)**. 

htp=l 

In particular, FittR(M) C charR (M) and ifR is a UFD, then 
Fitt R (M) C Yl pV Mp) =char R (M). 

htp=l 

(2) Let — > L — > M — > N —> be a short exact sequence of finitely generated torsion 
R-modules. Then 



char R (M) = (char R (L) • char R (N))**. 
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Proof. (1): Since the characteristic ideal is reflexive, the first equality follows by taking 
localization at all height-one primes of R. The second equality follows from the fact 

Fitt Rp (M P ) = (PR p )M m p) 

for any height-one prime ideal P C R. The second assertion is due to the fact that a 
height-one prime in a UFD is principal. 

(2) : This is clear, since the length is additive with respect to short exact sequences. □ 

Example 9.7. The ordinary power of a height-one prime in a normal domain is not neces- 
sarily reflexive. Here is an example. Let R = Z p [[x 2 ,xy,y 2 ]] and let p = (x 2 , xy). Then 
R is a normal domain and ht(p) = 1. Then p 2 = (x 4 , x 3 y, x 2 y 2 ) and p 2 ^ p( 2 \ In fact, 
x 2 £ p 2 ,butp (2) = (x 2 ). 

Now let q = (xy,y 2 ) and M = R/(pn q), which is torsion over R. Then one verifies 
that 

Fitt R (M) = p n q £ Yl p f ' Rp{Mp) = pq, 
htp=l 

which tell us that Proposition 9.6 (1) is the most optimal. 
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